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The study of congruences between arithmetically interesting numbers has a long 
history and plays important roles in several areas of number theory. Examples of such 
congruences include the Kummer congruences between Bernoulli numbers and con- 
gruences between coefficients of modular forms. Many of these congruences could be 
interpreted as congruences between special values of L-functions of arithmetic objects 
(motives). In recent years general conjectures [B-K] have been formulated relating 
these special values to the Selmer groups and other arithmetic invariants of the associ- 
ated motives. In view of these conjectures, congruences between special values should 
give certain congruences between the corresponding Selmer groups. 

In this paper, we take a different point of view by studying congruences between 
Selmer groups and deducing consequences of such congruences to the congruences of 
special values. Roughly speaking, given two Galois representations that are congruent 
on a finite level, i.e., that become isomorphic representations modulo a prime power, 
we consider the relation between the corresponding Selmer groups. Precise definitions 
will be given in later sections. We will focus on the Selmer groups defined by Bloch and 
Kato [B-K] and will provide congruences when the congruent Galois representations 
are from cyclotomic characters, Hecke characters from CM elliptic curves, and from 
adjoints of modular forms. We also display consequences of such congruences to the 
congruences of special values of L-functions, in particular, to special values of the Rie- 
mann zeta function. It is interesting to observe that the congruences of special values 
obtained this way are different from the classical congruences, such as the Kummer 
congruences. 

Methods used in this paper are mostly from Iwasawa theory, including the classical 
theory originated from Iwasawa [Iw] and the "horizontal" theory recently developed 
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by Wiles [Wi], even though only the algebraic part of the theory is applied. 

There are several versions of Selmer groups, motivated by the Selmer groups of 
elliptic curves. We choose to study the Selmer group of Bloch and Kato since it is 
the one that applies to the most general context and relates well with spcial values. 
However, in order to get a congruence, we have to make use of other versions of Selmer 
groups, defined by Greenberg [Gr] and by Wiles [Wi]. This suggests that the Selmer 
groups of Greenberg and Wiles might be better candidates for studying congruence 
problems. For some other results on congruences of Selmer groups, see [Gr] . 

The layout of this paper is as follows. In §1, congruences between Galois rep- 
resentations and between abelian groups are defined. We introduce several types of 
congruences and study the relation between them (Proposition 1.1). For later applica- 
tions, we also give general criteria for congruences of Selmer groups (Proposition 1.2). 
In §2, we prove congruences (Theorem 1) between Selmer groups from cyclotomic rep- 
resentations. By the theorem of Bloch and Kato that relates these Selmer groups to 
special values of the Riemann zeta function, we are able to obtain congruences between 
these special value, and congruences between the Bernoulli numbers (Theorem 2). As 
indicated earlier, these congruences are different from the classical Kummer congru- 
ences. We then prove, in §3, congruences when the Selmer groups are from Hecke 
characters over an imaginary quadratic field K. This could be regarded as an alge- 
braic analogue of the congruences between special values of Hecke L-functions that 
were used to construct p-adic L-functions. The result on primes that split in K is 
quite complete (Theorem 3). However, for primes non-split in K, we have to impose 
an additional condition, called r-congruence, on the Galois representations in order to 
obtain congruences between the Selmer groups (Theorem 5). Congruences in §2 and 
§3 should still hold when the characters are twisted by a Dirichlet character. In the 
last section, we provide congruences between adjoints of two dimensional Galois rep- 
resentations (Theorem 6). As a special case, we obtain congruences between adjoint 
representations from modular forms (Corollary 4.1). Unlike the cases of cyclotomic 
characters and Hecke characters, congruences between special values from the adjoint 
representations are not know before. However, with the help of the Bloch-Kato con- 
jecture, congruences from Corollary 4.1 give congruences between the corresponding 
special values. 

The author would like to thank F. Diamond, R. Greenberg, K. Rubin and J. Sturm 
for helpful discussions. 

1 Definitions and preliminary results 

In this section we recall the definition of Selmer groups of Bloch and Kato, define the 
congruence between two Selmer groups and give preliminary results on congruences 
between Selmer groups. For the rest of this paper, we denote F and K for number 
fields, denote Op and Ok for rings of integers, denote p (resp. A) for a prime of F 
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(resp. of K), and denote O p and 0\ for the rings of integers of the completions F p and 
K x . 

1.1 Selmer groups 

Given a finite prime A of K, by a A-adic represetation of Gp, or a (9a [[Gp]] -module, we 
mean a topological 0A-module A with a continuous action of Gp. The representations 
we consider are of the following five types. 

1. a finite dimensional F\ vector space A with the product topology and a contin- 
uous group homomorphism p : Gp — > Aut cont (A); 

2. a finitely generated, free CVmodule A with the compact topology and a contin- 
uous group homomorphism p : Gp — > Aut cont (A); 

3. a cofinitely generated, cofree C^-module A (i.e., A = (K\/0\) d ) with the discrete 
topology and a continuous group homomorphism p : Gp — > Aut cont (A). Such a 
representation can be identified with the Pontrjagin dual of a representation of 
type (2) with the dual action of Gf. The integer d is called the corank of A, 
denoted by coranke> A A; 

4. a quotient A/X n A, n > 1 for the A of type (2) with the quotient action of Gp; 

5. a submodule A[A n ] = f {i G A | X n x = 0} for the A of type (3) with the restricted 
action of Gp. 

We further assume that the action of Gf on A is unramified outside of a finite set of 
primes S of F that contains oo and primes of F above t. Then the action of Gp is 
naturally induced from the action of G5, the Galois group of the maximal extension 
of F unramified outside of S. 

Let A be a representation of Gp of one of the five types listed above. A local 
condition L for A consists of the selection of a subgroup 

H 1 L (F P ,A)CH 1 (F P ,A) 

for each finite prime p of F. The Selmer group of A with respect to the local condition 
L is defined by 

The Selmer group that we will study in this paper is defined by the local condition 
of Bloch and Kato [B-K], for a representation A of type (3). Given such an A, define 

T = lim n A[A n ] and V = T ® 0x K x 
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with the induced representations of Gf- Then T is of type (2) and V is of type (1) and 
A = V/T as representations of Gp. For each finite prime p of F, let p be the prime of 
Q under p and let -B C rys,p be the ring defined by Fontaine. Define 

H i (F v] = f H\G P /I P ,V^), ifAfp 
"A*p> v ) j ker{H\F p , V) - H\F P , S crySiP ® V)}, if A | p 

where G p and I p are the decomposition group and initial group of p with respect to a 
fixed embedding F — > F p . Let pr : V — > A be the natural projection. Define 

H}(F p ,A)= P t(H}(F p ,V)), 

and define the Selmer group of Bloch and Kato by 

H}(F, A) = ker [h\F, A) - |^ 
It is clear that if] (F, A) is a torsion abelian group 



H\F 9 ,A) 
A) 



1.2 Congruences 

We now define the congruences between two torsion abelian groups. This definition 
applies in particular to the Selmer groups. Let Y be a finite set. Denote \Y\ for the 
cardinality of Y. 

Definition 1.1 Let Mi and M 2 be two torsion Ok -modules. 

1. Mi and M2 are called algebraically congruent modulo X n , denoted Mi = a i g 
M 2 mod A™, if Mi [A™] M 2 [A n ] ; 

2. Mi and M 2 are called numerically congruent modulo X n , denoted Mi = num 
M 2 mod A™, if\Mi\\ n }\ and \M 2 [\ n ]\ are finite and |Mi[A ri ]| = |M 2 [A ra ]|; 

3. Mi and M 2 are cardinally congruent modulo \ n , denoted Mi = car M 2 mod \ n , 
if Mi and M 2 are finite and \Mi\ = \M 2 \ modA™. 

We first display the following simple relations between the three types of congru- 
ences. 

Proposition 1.1 Let A be a finite prime of K , and let M x and M 2 be two finite 
Ox-modules. 

Mi and M 2 are algebraically congruent modulo A™ if and only if Mi and M 2 are 
numerically congruent modulo \ r , for all 1 < r < n; 
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2. If M\ and M 2 are numerically congruent modulo X n , then Mi and M 2 are cardi- 
nally congruent modulo \ n . 

Proof: 1. By definition, M 1 = alg M 2 mod A™ implies that Mi[\ r ] = M 2 [X r ] for 
r = 1, • • • , n. This shows that Mi = num M 2 mod A* for r = 1, • • • , n. To prove the 
implication in the other direction, we apply induction on n. Since 0\ is a PID, we 
could write, for i — 1, 2, 

Mj = ©JLiOa/A c< ^. 

For i — 1,2 and for each integer r > 1, denote s^ r = \{a^j, 1 < j < k\a it j > r}\ and 
U, r = \{ai,j, 1 < j < k\a i:j = r}\. Then t^ r = s iyT - s ijH -i. Also 

Therefore Mi[A r ] = M 2 [A r ] if and only if £ ljtt = i 2)U for 1 < u < r — 1 and si jT . = s 2 , r . 
On the other hand, 

|Mi[A r ]| = |C A /Ap-i u ^" +rs ^. 

When n = 1, Mi and M 2 being congruent module A™ means |Mi[A]| = |M 2 [A]|. So 
= S2,i- Therefore Mi [A] = M 2 [A]. Now inductively assume that the converse is 
true for n, and assume that |M![A r ]| = |Mx[A r ]| for r = 1, • • -n + 1. By induction, we 
have Mi [A"] = M 2 [A"]. Then 

= h, u , 1 < u < ra - 1, and si >n = s 2 ,„. (1) 
From |Mx[A n+1 ]| = |M 2 [A n+1 ]| we have 

n ri 

X] u *l,« + ( n + l ) s l,n+l = ut ^u + (n+ l)s 2 ,n+l- ( 2 ) 
u=l u=l 

Solving Eq (1) and Eq (2), observing that s i>n = t ij7l + s ijH+ i, we obtain 

s l,n+l = s 2,n+l? tl,n = ^2,n- 

Together with Eq (1), this implies Mx[A n+1 ] = M 2 [A n+1 ]. This completes the induction. 

2. If Mi = num M 2 mod A", then by definition, |Mi[A n ] | = |M 2 [A n ] |. Consider the 
exact sequence of OA-modules 

-> M t [X n ] -> M t % X n M l -> 0, (3) 

where we identify A with a generator of the principle maximal ideal A of 0\. First 
consider the case when \ n Mi ^ 0. Let x E Mi with \ n x ^ 0. Then (O x x)[\ n ] ^ 
0\/\ n . So |Mi[A n ]| = (mod A n ). Therefore A n divides |M 2 [A n ]|. Thus we have 

|Mi| = |M 2 | (= 0) mod A™. 
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The case when A n M 2 7^ can be similarly proved. Now consider the case when 
X n Mi = and X n M 2 = 0. Then from the exact sequence (3), we must have Mj = 
Mi[X n ], i = l,2. Therefore, |Mi[A n ]|=|M 2 [A n ]| means that |Mi|=|M 2 |. This of course 
implies |Mi| = |M 2 | modA n . ■ 

Remark: Note that Mi = car M 2 mod A n does not imply Mi = num M 2 mod A". For 
example, let M x = z/£ 5 Z, M 2 = z/£ 4 Z©z/£z. Then Mi = car M 2 mod £, but M x ^ num 
M 2 mod I. 

Let Ai and A 2 be two 0\ [[Gf]} -modules that are cofree 0A-modules with finite 
coranks over 0\. Suppose Ai[A n ] and A 2 [A ra ] are isomorphic (0A/A™)[[Gi?]]-modules. 
We would like to study the conditions under which the corresponding Selmer groups 
Hj(F,Ai) and Hj(F,A 2 ) are (algebraically) congruent modulo A n . We will provide 
some criteria in Proposition 1.2. Applications will be given in later sections. 

Let A be either A 1 or A 2 . We now define a Selmer group of A on "level r" for each 
integer r > 1. For each finite prime p of F, from the exact sequence 



-> A[X r ] hA^A^O 



we get the exact sequence 



° X H H° F (F P A) A) Hl ( F » A W h H\F P ,A)[X\ - 0. 
Define the subgroup of H 1 (F p: A[X n ]) 

H 1 f (F p ,A,X r )=j; 1 (H}(F p ,A)[V]), 
and define the subgroup of H 1 (F,A[X n ]) 



Note that Hj(F, A, A r ) depends on A, not just on A[X r ]. In particular, even if -A 1 [A r ] = 
A 2 [A r ] as G F - modules, it is not necessarily true that 

Hj(F,Ai,X n )^Hj(F,A 2 ,X n ). 

Proposition 1.2 Let Ai and A 2 be two O \[[G F]}-modules that are cofree over 0\ 
with finite corank. Assume that Ai[X n ] and A 2 [X n ] are isomorphic as iO\/ A n )[[GV]]- 
modules. 

1. If there is a O x [[G F ]\\ -module X such that Hj(F, Ai) = Hohi Gf (X, Ai) for i = 
1, 2, then H}(F, Ai) = alg H}(F, A 2 ) (mod A"). 
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2. Assume that cor auk Ox H (F, A^ = corank Ox H (F, A 2 ). Then Hj(F, Ay) = a i g 
Hj(F,A 2 ) (mod A") if and only if \Hj(F, A u \ r )\=\H}(F, A 2 , X r )\ for 1 < r < 



n. 

3. Assume that cor anko A if (F, Ai) = coY&nko x H°(F, A 2 ). Fix an 0\[[GF}}-Tnodule 
isomorphism o : Ai[X n ] — > A 2 [A n ] and for each finite prime p of F and each 
1 < r < n, leto- Ptr : H 1 (F p , Ai[X r }) — > H 1 (F p , A 2 [X r ]) be the induced isomorphism. 
If a p,r(Hj(F p , Ai, X r )) = Hj(F p , A 2 , \ r ) for all finite prime p and 1 < r < n, then 
Hj(F,A 1 )= alg H}(F,A 2 ) (mod A"). 

Proof: 1. For i = 1,2, from the exact sequence 

0^ Ai[X n ] -> Ai% Ai^O 

we get the exact sequence 

- Hom GF (X,^[A n ]) - Rom GF (X, A,) ±> Rom GF (X, A t ). 
Thus we have the isomorphism of abelian groups 

Rom GF (X,A z [X n ]) ^ Hom GF (X, A)[A n ]. 
Therefore from the assumptions we have 

H){F,Ai)[X n ] - Hom GF (X,A)[A"] 

Hom GF (X,A 1 [A n ]) 
= Hom GF (X,A 2 [A n ]) 

Hom GF (X,A 2 )[A n ] 
= H){F,A 2 )[X n \. 

2. Let A be A\ or A 2 . By definition, we have the commutative diagram with exact 
rows 

- aS^) - H\F,A[y\) H\F,A)[X] - 

Applying the snake lemma we obtain the exact sequence 



(4) 



Let ifdiv be the maximal A-divisible subgroup of H°(F, A) and let H cot be the cotorsion 
quotient H°{F,A)/H& Y . Then we have the exact sequence 
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-> H div -> if °(F, A) -> ff cot -> (5) 

of £>A-modules. Let d be the £> A -corank of H°(F,A), then ff div = (K x /O x ) d . Since 
ff cot is finite, from the exact sequence 



H 

— > H cot [X] — > ff cot — > ff cot — > — — >■ 

A iicot 



we get 



H co t 



\ H cot[y]\=\-^\ ■ (6) 

Multiplying the sequence (5) by A r and taking the snake lemma exact sequence from 
the resulting commutative diagram, we obtain the exact sequence 

- (O x /X r ) d - H°(F,A)[X r ] - Jf cot LV] 
/f°(F,A) Jf cot 
A^°(F,A) A^/f cot 

This, together with equation (6) and the equation H°(F, A[X r ]) = H°(F, A)[X r ], enables 
us to get 



H°(F,A) H, 



cot 



cot 



f \ r H°(F,Ay 'A r ff ( 

= \H cot [\ r }\ 
= \H°(F,A[X r })\ \O x /X 

Combining this with the sequence (4), we obtain 

\Hj(F,A)[X r ]\ = \Hj(F,A,X r )\ \H°(F, A^T 1 \O x /X 



rid 



Now the assumption that coranko A ff°(F, A±) = coranko A ff°(F, A 2 ) implies d\ = d 2 , 
and the assumption that Ai[A r ] = A 2 [X r ] implies \H°(F, A 1 [X r ])\ = \H°(F, A 2 [X r ] ) | . 
Thus the statement that |f/' 1 (F,>li)[A r ]|=|f/' 1 (F,>li)[A r ]| for 1 < r < n is equivalent to 
the statement that \H\F, A u A r )|=|f/' 1 (F, A u X r )\ for 1 < r < n. By Proposition 1.1, 
the first statement is true if and only Hj(F, Ai)[X n ] 9* Hj(F, A 2 )[X n ]. 

3. Fix an r with 1 < r < n. Let a r : if 1 (F, Ai[A r ]) -> ff^F, A 2 [A r ]) be the 
isomorphism induced by a. For each finite prime p of F, we have the commutative 
diagram 

H\F,A 1 [X r }) ^ H\F,A 2 [X r ]) 

i i 
H\F p ,A 1 [X r }) ^ H\F P ,A 2 [Y]) 
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where the vertical maps are restriction maps. Then by the definition of Hj(F, Ai, A r ) 
with % — 1,2 we have a r (Hj(F, Ai, X n )) = Hj(F, A 2 , A r ). In particular, we have | 
Hj(F, Ai, \ n ) | = | Hj(F, A 2 , \ r ) |. It now follows from part 2 of the proposition that 
H}(F,A 1 )= alg H}(F,A 2 ) (modA n ).B 

2 Cyclotomic characters and Kummer congruences 

In this section we first study the congruences of Selmer groups from the cyclotomic 
characters. We then compare these congruences with the Kummer congruences. 

2.1 Algebraic congruences 

Let £ be a fixed prime. Let X = Xi '■ Gq ~^ z e be the £-adic cyclotomic character. 
Thus xe defines a one dimensional Galois representation which is denoted Z e (l). For any 
integer n, the character x7 defines a one dimensional representation Zg(n) = Z^{l)® n 
and the induced representation 

(Q e /Z e )(n) = Z e (n) <g> (® e /Z e ). 

Theorem 1 Let £ be an odd prime and let n be a positive integer. If k and k' are two 
integers both greater then 1 or both less then such that x k = X k m °d then 

H}(®, (Qe/Z e )( X k )) =ai 9 H}(®, (Q £ /Z e )( X k ')) mod £ n . 

Proof: The following proof is suggested by Rubin. One could also use Iwasawa theory, 
as in Theorem 3, and apply generalized Cassels-Tate pairing [Fl, Gul]. 

To simplify notations, denote A\ = (Qe/Ze)(k) and A 2 = {Qe/Ze){k')- By as- 
sumption, Ai[£ n ] is isomorphic to A 2 [£ n ] as Z£[[G Q ]]-modules. Fix an Z^[[G Q ]]-module 
isomorphism a : Ax[£ n ] — > A 2 [£ 11 ]. For each finite prime p of Q and each 1 < r < n, 
let a Pjr : H 1 (Q p , A^t]) — > H 1 (Q p ,A 2 [£ r ]) be the induced isomorphism. We will prove 
that a P!r (Hj(Q p ,A 1 ,£ r )) = Hj(Q p , A 2 , £ r ) for all finite prime p and 1 < r < n. Then 
the proof follows from Proposition 1.2. 

We first consider the case when p ^ £. Then both A\ and A 2 are unramified at p. 
So for 2 = 1,2, Hj(Q p , Ai) = H 1 ^, Ai). We also have the short exact sequence 

of g p -modules. This, together with the inflation map, gives the following commutative 
diagram with exact rows 

- - H^Aip]) - H\g p ,A t )[£ r ] - 

II I I 

-> //°(Q P ,A)/«°(Q P ,A) -> ^(Qp^fr]) -> ^(Qp,^)^] -> 
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in which the vertical maps are injective. This diagram shows that Hj(Q p , Ai[£ r ]) = 
H\g p , A[t]). It follows that a p , r (H)(Q p , A^])) = {H}{%, A 2 [£ n })). 

We now consider the case when p = £. First assume that k, k! < 0. By Example 
3.9 from [B-K], H}(Q e , Q e (k)) = H}(Q e , Qe(k')) = 0. Then Hj(Q e , A t ) = for % = 1, 2. 
Therefore H}(® e , A h £ r ) = ker^ 1 ^, A[^]) -> H\® £ ,Ai)}. Denote L = <&(//«,). 
Then the action of Gal(Q^/Q^) on Ai is induced from the action of Gal(L/Q^) and the 
inflation-restriction sequence gives us the following commutative diagram with exact 
rows 

- H 1 (G&\(L/Q e ),A i {£ r ]) - H\^A^\) - H\L,Ai[t\) 
-> H\G&\(L/^),Ai) -> H l {^z, Ai) -> H\L,Ai) 

Here the right vertical map is injective since Aj[£ r ]) = Hom(G^, Aj[£ r ]) and 

H l (L,Ai) = Eom(G L ,Ai). Thus #}(Q,A;,f ), defined as the kernel of the middle 
vertical map, in contained in the image of if 1 (Gal(L/Q^), Aj[£ r ]) in H 1 ^, Ai[£ r ]). 
Since Gal(L/Q^) is topologically cyclic, we have 

H 1 (Gdl(L/Q l ,),A i [l r ]) = A t [£ r }/{l - l)A[£ r ] 

where 7 is a topological generator of Gal(L/Q^). This quotient is a cyclic abelian 
group. Therefore Hj(Qe, Ai, £ r ) is the unique subgroup of /f 1 (Gal(L/Q^), Ai[£ r }) with 
order | Hj(Qe, Ai, £ r ) |. From the exact sequence 

- H°(Q e , - H°(Q e , Ai) #°(Q,, Ai) - AX) - 

of finite groups, we have | Hj(Qi, Ai, t r ) \ = \ H°(Qe, Ai[£ r ]) |. Now the isomorphism 
a : Ai[£ r ] — > A 2 [£ r ] also induces an isomorphism from H 1 (Gal(L/Q£), Ai[£ r ]) onto 
if 1 (Gal(L/Q^), A 2 [£ r ]) such that the resulting diagram 

H\G a \(L/Q e ),A 1 [£ r ]) — H 1 (Q e ,A 1 [£ r ]) 

i i 

H 1 (Gal(L/Qe),A 2 [£ r ]) — H 1 (Q e ,A 2 [£ r ]) 

commutes. Therefore, the isomorphism a^ r : H l (tyt, Ai[£ r \) = H 1 (Qe,A 2 [£ r ]) sends 
H}(Q e ,A 1 ,£ r ), the unique subgroup of H\G&\(L/Q e ), A 1 [£ r ]) C tf 1 ^, Aff ]) of order 
H°(Q e , Ai[£ r ]), onto #}(Q^,A 2 ,f ), the unique subgroup of /^(Ga^L/t^), A 2 [f]) C 
H 1 (q e ,A 2 [£r]) of order | A 2 [f ]) | = | H°(Q e , A 1 [£ r ]) |. Now the theorem follows 

from Proposition 1.2, under the assumption k, k' < 0. 

Next assume that k, k' > 1 with x fc = X fc ' (mod £ n ). Then 1 ~ k,l — k' < and 
■^.i-fc = -yA~ k (mod £ n ). Denote i?i and B 2 for the representations of Z^-corank one 
associated to Q^(l - k) and Q £ (l - k'), i.e., £?i = (Q e /Z £ )(l - k), B 2 = (Q £ /Z e )(l - k'). 
Let r : i?i[£ n ] — > -B 2 [£™] be the isomorphism induced from <r : Ax[£ n ] — > A 2 [£ n ], and for 
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each r with 1 < r < n, let : H 1 ^, Bi[£ r ]) — >■ H 1 ^, B 2 [l r ]) be the isomorphism 
induced by r. Then the tautological commutative diagram 

£x[r] -> Hom^xfr],^) 

5 2 [f] -> Hom(A 2 [f],/^) 
of Z£[[G((jJ]-modules induces the commutative diagram of abelian groups 
H 1 (Q e ,B 1 [£ r ]) = Rom(H 1 (Q e ,A 1 [e]),Z/fz) 

1 T£ r i &t r 

H 1 (Q e ,B 2 [£ r }) ^ Rom(H 1 (q e ,A 2 [e r ]),Z/tZ) 

where the isomorphisms in the rows are from the Tate local duality for finite Galois 
representations. Applying the proof in the previous case to Bi and B 2 , we obtain 

r e , r (H 1 f (Q £ ,B 1 ,n) = H}(Q £ ,B 2 ,e r ). (7) 

By [Wi, Proposition 1.4.], Hj(Q e , A { , t) is the exact annihilator of Hj(Q e , B i: t) under 
the perfect pairing associated with the isomorphisms in the rows of the above commu- 
tative diagram, i.e., under the Tate duality. Combining this with the commutativity 
of the above diagram and Eq (7), we obtain a^ r (Hj(Q£, A ± , f)) = Hj(Q e , A 2 , t). Then 
the theorem again follows from Proposition 1.2. ■ 



2.2 Kummer type congruences 

We now compare the congruences in Theorem 1 with the classical Kummer congruences 
which states that for t — 1 { k and k = k! mod (£ — l)£ n_1 , 

(l_^-i)^ = (l_^'-i)^ modr . 
k k 

Define 

H}(®, (Q/Z)(fc)) = 0FJ(Q, (Qe/Z e )(k)). 

£ 

Bloch and Kato [B-K], applying the Iwasawa Main Conjecture verified by Mazur and 
Wiles [M-W], have proved that, for k positive even, 

,2(fc-l)! _|ff}(Q,(Q/z)(fc))| 



1 {2m) k ^ v 7 1 | tf°(Q,(Q/z)(fc)) I 
up to a power of 2. On the other hand, we have the well-known formula of Euler 



2(k- 1)! 5 
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We thus have 

\H}(Q, (Q/Z)(fc)) | h\ 

\H°(Q,(Q/Z)(k)) | /c U 
up to a power of 2. Using this equation, we prove 

Proposition 2.1 i. Let v p be the p-valuation on Q. T/ien 

| #°(Q, (Q/Z)(fc)) |= denominator of | ^ |= J] p ^( fe )+ 1 . 

(p-i)l* 

2. | Hj(Q, (Q/z)(/c)) I equals to the numerator of | ^ | up to a power of 2. 

3. The greatest common divisor (| #)(<Q>, (Q/z)(/c)) |, | #°(Q, (Q/z)(/c)) |) is a power 

Proof: The second statement follows directly from equation (8) and the first state- 
ment. Since the numerator and denominator of jjr are relatively prime, the third 
statement follows from the first two statement. Therefore we only need to prove the 
first statement. 

We first prove | H°(G q , (Q/z)(/c)) |= H(p-i)\k P Vp ^ +1 ■ From the isomorphism 

(<Q>/z)(fc)^0(<Q> p /Z p )(fc), 
v 

we only need to show that, for any positive integer n, (Q p /Z p )(k) Gq > p n if and only if 
(p— l)p n_1 | k. Fix such an n. By definition, the action of Gq on (Q p /Z p )(l)[p n ] = fi pn 
is given by the character Xn = X (mod p n ) : G q — > (z/p n Z) x of order (p — l)p n_1 . 
Then the action of G q on (Q p /Z p )(k)[p n ] is given by the character x n - Therefore, 

> p /Z p )(k)) Gt > \>p n 
=► ((Q p /z p )(k)\p n ]f^ (q p /z p )(k)\p n ] 

Xn = id l(Qp/Zp)(*)[p"] 

^ (p-iy 1 - 1 1 fc. 



To prove the equation 



denonimator of | — ^ |= [~[ p 1 ^^ 1 

rC 



(p-i)I* 

we apply the following two basic facts on Bernoulli numbers [I-R, Wa]. 
1. (Adam) If p — 1 \ k, then ^ is a p-integer. 
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2. (Carlitz) if p is an odd prime and p — 1 | k, then Bk+P k 1 1 is a p-integer. 

Thus if p — 1 \ k, then p does not divide the denominator of B k /k. So the equation 
holds. If p — 1 | k, then by the formula of Carlitz, ^ + £0- = c for some c G Z p . Thus 
by the trigonometry inequality in Z p , 

So the p-power dividing the denominator of Bk/k is the same as the p-power dividing 
the denominator of (p~ x — l)/k = (p — l)/pk. This power is one higher than the p-power 
dividing k, so it is v p {k) + 1. This proves the equation in the case when p — 1 | k. ■ 

As an application of Theorem 1, we obtain the follow congruences which can be 
regarded as the £-part of the Kummer congruences. 

Theorem 2 // 1 - 1 \ k and k = k! mod {t - l)^' 1 , then 

£ - part (1 - t- 1 )^- = i - part (1 - t k '~ X )^r ™d t. 

k k' 

Proof: From the definition, 

H}(Q, (Qe/z e )(k)) = H}(Q, (Q/z)(k))[e°°}. 

If t - 1 1 k, then from Proposition 2.1 we have H°(®, (Qt/Z e )(k)) = 0. So 

| Hj(Q, (Qe/z e )(k)) | = t - part | H}(®, (Q/z)(fc)) | 

H}(Q,(Q/Z)(k)) | 



= i — part j 
= £ — part 



if°(Q, (Q/Z)(fc)) 
fc 1 



= £-part(l-^- 1 ) | ^ 
Thus the congruences in the theorem follows from Theorem 1. ■ 



3 Hecke characters 

We now consider an analog of Theorem 1 for two dimensional representations. Let K 
be an imaginary quadratic field with ring of integers Ok- Let E be an elliptic curve 
over Q with complex multiplication by Ok- Let ip be the Hecke character associated 
to E by the theory of complex multiplication. Let ip be the complex conjugation of ip. 
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For integers k and j, define (p = ip(k,j) = ip k ^ . For a finite prime A of Or, let K\ be 
the completion with the ring of integers 0\. Let 



V?a : G K 



be the Weil realization of ip at A. Let K\(ip\) (resp. 0\{ip\)) be the representation of 
Gk with coefficient in K\ (resp. 0\). Now we use K\(ip\) to construct a representation 
of Gq. Let £ be the prime of Q under A, if £ splits in K into AA*, then K x = Qe- If £ is 



Then Mi is a representation of G Q of dimension two over Q e . It is in fact the £-adic 
realization of the motive M(k,j) for the algebraic Hecke character ^> k ^ [Gu3]. Define 
a G Q -invariant Z^-lattice of M(k,j)t by 



with the induced representation of Gq. A(k,j) is a cofree Z^-module of corank 2. 

In this section we study the congruences between the Selmer groups of A(k,j) for 
different pairs (k,j). We will consider the cases when £ is split in Ok and non-split 
in Ok in the next two subsections. Some applications of these congruences to special 
values will also be given. 

3.1 Case 1: t splits 

Theorem 3 Let £ be an odd prime of Q that splits in K. Let (ki,ji), i = 1,2 be 
two pairs of integers with ki > —ji > and H°(Q,A(ki,ji)) = 0. If A(k 1 ,ji)[£ n ] = 
A(k2,j2)[£ n ] as G ^-representations, then Hj(Q, A(k±, and Hj(Q, A(k 2 , J2)) are al- 
gebraically congruent modulo £ n . 

Proof: Let A = A(k,j) be either A(k 1: j 1 ) or A(k 2: 32)- It is known [Gu3] that the 
Selmer group Hj(Q,A) is the same as the Selmer groups of Greenberg [Gr], defined 





%e(<P\) © Ze((P\*) if V splits as AA* in K 
0\(ip\) if p non-split, X\p in K 



Denote 



A(k,j)=M(k,j) e /M(k,j) e 



by 



Sf(Q)=ker // 1 (Q,A)^0 



H\Q P ,A) ^ H\Qt,A) 



H\g pi A)^ im(H 1 (Q e , F+A)) diy 



Here 



F + A = Z e (ip(k,j) x )® (Qi/I. e ). 
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Denote N = N(k,j) = Z e ((p(k,j) x ) <S> (Qi/Z e ). Then we further have 



where 

We next recall more notations from [Gu2] . The reader is referred to there for more 
details and further references. 

Let /Coo = K(N). The Galois character ip x is in fact given by the action of 
Gal(K/K) on JV 

ipx = ^ k ^l j : GaK/Coo/^) -> Aut(iV) Zf. 

^ k i>x J is a character of infinite order. Hence the image of (f \ is of finite index in . 
Thus GaltXoo/if) decomposes as GalfXoo/fT) = A x T with A cyclic of order dividing 
£ — 1 and r = Z<? as abelian groups. Also ip decomposes accordingly into x on A 
and k on T. Thus the fixed field of A is a Z^-extension of K. We will identify 
Ga^-fToo/fT) with V by the natural isomorphism between them. Let /C be the fixed 
field of T. Then K = K(N[£}). 

Define F = K(E[£]), A' = Gal(F//C), 5 = Gal(F/K), = K(E[£°°]), = 
F(N). Let be the unique Z^-extension of K contained in JF^. Let = GdX{F OQ / K), 
V = Gal^oo/Loo). Then we have Gal^/F) T £ and Gel^/K) ^ T e x 5. In 
summary, we have the following diagram. 




For any abelian extension L of K, let M(L) be the maximal abelian pro-£-extension 
of L which is unramified outside the primes of L over A. Let X(L) be Gal(M(L)/L). 
Combining Proposition 2.2 and Proposition 2.3 from [Gu2], we have 

Sf(K) = Hom(X(L 00 )^, N) r . (9) 
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In the proof of Theorem 1 from [Gu2] we show that the restriction map X(^ r 00 ) — > 
X(Loo) induces an exact sequence of Gal(L 00 /_ft')-modules (note that V is denoted by 
H there) 

-> (X^) V A X^) -> Z, -> 0. 

Since \ is a non-trivial character on <5 by assumption, taking the x component in the 
exact sequence, we get 

Combining with Equation (9), we get 

Sf(K) Hom((X(J- 00 ))^,iV) r 

= Hom((X(J- 00 )) r ,AT) Gal ( L -/^ 

= (Hom(X(J- 00 ),iV) Gal(Lo ° / ^ ) ) r ' 
Hom(X(J !r 00 ),iV) Gal( - Fo ° / ^ ) . 

Now the theorem follows from Proposition 1.2. ■ 

The congruences between Selmer groups obtained in Theorem 3 enables us to ob- 
tain congruences between special values of Hecke L-functions. This is accomplished 
by making use of the relation between Selmer groups and special values established 
by the Bloch-Kato conjecture for Hecke characters which has been verified in many 
cases [Gu3, Han]. Such congruences are similar to the congruences related to two 
variable p-adic L-functions [Ya]. 

Theorem 4 Let I be an odd prime of Q that splits in K. Let (ki,ji), % — 1,2 be two 
pairs of integers with ki > —ji > and H°(Q, A(k±, ji)) = 0. If (ki,ji) = (k 2 ,j2) 
(mod (£- then 

where d K is the discriminant of K and VL^ is the period of the elliptic curve associated 
to ip. 

Proof: By [Gu2, Theorem 1], for i = 1,2, 

£-part (^=J n-(* + *>L$* + * h) ^Hj^A^m . 
Then the theorem follows from Theorem 3. ■ 
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3.2 Case 2: t is non-split 

We now consider the case when i is inert in K. Then £ extends to a prime A in K. 
Recall that 

A = A(k,j) = O x (<p x )®(K x /O x ). 

Let Q = Gal^oo/K). Assume that G\ = f Gal(K x /K x ) acts non-trivially on A[X]. 
Then as in [Ru, Lemma 11.6], the inflation-restriction sequence and local classfield 
theory give an isomorphism 

: H\K X ,A) = Homg^oo), A), (10) 

where 

U(F 0O )=ljm n U(K(E\p n ])) 

and U (K(E[p n })) is the group of local units of K(E[p n ]) ®k K x which are congruent to 
1 modulo the primes above A. From this isomorphism we get an injective CVmodule 
homomorphism 

7] = VA : Hj(K x , A) - Hom^C/^), A). (11) 

Let Ua be the annihilator of r)(Hj(K x , A)) in U(Foo)- For a positive integer n, we also 
have an injective (9a/ A™- module homomorphism 

Vn = VA ,n ■■ H}(K x ,A)[X n ] - Homg ( [/ ( ) , A) [ A n ] Hom^C/^), A[A n ]). (12) 

Definition 3.1 1. Denote Ua,h for the annihilator ofrj n (Hj(K X: A)[\ n ]) in U^^). 

2. For a fixed pair (fc , jo) &o > —jo > and a /ized positive integer n, de- 
note S(ko,jo,n) for the set of A(k,j) with k > — j > such that A(k,j)[X n ] = 
A(ko, jo)[A n ] as Gq-modules. 

3. For A\ = A(ki,ji), A 2 = A(A; 2 ,j2) £ S(k , j ,n) , define A\ and A 2 to be r- 
congruent modulo A™ ifUA 1 , n — Ua 2 ,u- 

We expect that any two representations from S(k ,j ,n) are r-congruent to each 
other modulo A™. However its verification seems to require delicate properties of the 
Bloch-Kato exponential map for the A-adic Hecke character ip x associated to A(k,j). 
We could nevertheless obtain the following weaker result. 

Proposition 3.1 Assume that G x acts non-trivially on A(k , Jo) [A]. For almost all 
A(k,j) in S(k ,j ,n), there are infinitely many elements A(k',f) in S(k ,j ,n) such 
that A(k,j) is r-congruent to A(k',f) modulo \ n . 

We first give the following result in algebra. 
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Lemma 3.1 Let R and S be two commutative rings. Let A be a R-module, B be an 
S -module and C be a R® S -module. There is a canonical isomorphism 

i : Hom^A Hom 5 (£, C)) - Hom 5 (5, Hom fl (A, C)). 

Proof: For / G Hom fl (A,Hom s (S, C)), define £(/) by 

(£(/)(&))(a) = (/(a))(6), Va G A, b <E B. 

£(/) is clearly well-defined and is additive in both a and b. Further, £(/)(&) is i?-linear 
since 

(£(/)(&))M = (/(ra))(6) = (r/(a))(6) = r((/(a))(6)) = r((£(/)(&))(a)). 
£(/) is S'-linear since 

(*(/)(*&))(a) = /(a)( fi 6) = a (/(a)(6)) = a ((e(/)(6))(a)) 
= (*(*(/)(&)))(a) = ((*(/))(&))(«)■ 

By changing A and B, we similarly obtain a homomorphism It is easily verified 
that £ and £' are the inverse of each other, thus proving that £ is an isomorphism. ■ 

Proof of Proposition 3.1: Let B ArX be the ring of Fontaine with the filtration 
FiP£ dj . jA ,i e Z. It is known that 

Dit>(^ A (y9 A )) = tf°(^ A , ^ A (y?) ® B dr , x ) - tf A . 

From the assumption that k > — j > we get 

Dit>°(K A (^ A )) = tf (K A , K\(ip) ® Fil ^,,) = 0. 

Since acts non-trivially on A[A] and A(k , j )[X] = A(k,j)[X], G x acts non-trivially 
on A(k,j)[X\. Then 

H°(K x ,K x (<p x )) = 0. 

So from [B-K, Corollary 3.8.4] we obtain Hj(K x , K x ((p x )) = K x . It follows that 
Hj(K x ,A) is a cofree (9 A -module of corank one. Therefore Hj(K x , A)[X n ] is a free 
(9 A /A™-module of rank one. By fixing an (9 A /A n -module isomorphism 

f:H}(K x ,A)[\ n ] = O x /\ n 

and applying Lemma 3.1, we obtain the following sequence of isomorphisms 

Hom OA (Hj (K x , A) [A™] , Hom g (U^) , A) [\ n ] ) 
Homg (f/^) , Hom OA (if) (X A , A) [A n ] , A[A n ] ) ) 
Homg^oo), Rom 0x (O x /X n , A[X n ])) 
Hom g (f/(^ 00 ),A[A n ]) 
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This way, r\ n corresponds to a 5 n = 5a,h £ Homg(f/(jF 00 ), A[A n ]). For another 0\/\ n - 
module isomorphism /' : Hj(K\, A)[\ n ] = 0\/\ n , we have f' — aof where a is a 
automorphism of 0\j \ n . Thus ker(<5„) does not depend on the choice of / and is a well- 
defined A-submodule of U^^). From the definition of the isomorphism £ constructed 
in Lemma 3.1, it is easy to see that in fact ker(<5„) = U n . 

Now let A be an element in S(k , j ,n). So there is a G Q -module isomorphism 

g:A[\ n ]=A [\ n }. 

This isomorphism induces a 0A/A n -module isomorphism 

Hom g (C/(^ 00 ), A[X n }) = Hom g (C/(^ 00 ), A [X n ]), 

under which S n is sent to 5 n = g o S n . Note that ker(o~ n ) = ker(o~ n ) = U n is independent 
of the choice of the isomorphism g since any other G Q -module isomorphism 

g' : A[\ n ] = A [\ n ] 

is of the form g' — (3 o g where (3 is a G Q -module automorphism of A [A n ]. Therefore, 
A\ is r-congruent to A 2 modulo \ n if and only if ker (6 A lt n) = ker(<5 J 4 2jn ). It is well- 
known [Ru] that U^oo) is a free Z^[[(/]]-module of rank 2. Combining this with the 
fact that A [A n ] is finite, we see that the set Hom g (f/(jF 00 ), A [A n ]) is finite. Thus the 
set 

T = {ker(5) | 6 E Hom (C/(JT oo ), A [\ n ])} 

is finite. Consequently, for almost all A e S(k ,j ,n), there are infinitely many A' e 
S(k ,jo,n) such that kerA n = kerA' n . This proves the proposition. ■ 

Theorem 5 Let (ki,ji), i — 1,2 6e two pairs of integers with h L > —ji > 0. Let £ 6e 
an odd prime that is inert in K and let A be the prime of K over t. For a positive 
integer n, if A(ki,ji)[£ n ] and A(k 2 , i 2 )[£ a } are isomorphic as Gq-representations, if 
H°(Kx, A(ki,ji)) = and ifA(ki,ji) and A(k 2 ,j 2 ) are r-congruent modulo \ n , then 
Hj(Q, A(ki, ji)) and Hj(Q, A(k 2 , j 2 )) are algebraically congruent modulo \ n . 

Proof: The assumption that A(k 1: j 1 )(Kx) = is equivalent to the assumption 
that G\ = Gs\(K\/ K\) acts non-trivially on A(ki, ji)[A]. Since A(ki, ji)[A n ] and 
A(k 2 , j 2 )[X n ] are isomorphic (-^-representations, G\ acts non-trivially on A(k 2 , j 2 )[X\. 
Now let A = A(k,j) be either A(ki,ji) or A(k 2 ,j 2 ). Define X(jF oc ) as in the case when 
£ splits, considered in section 3.1. Let 



19 



Then we have the exact sequence 

- Hj(K, A) - Hj(K, A)' - n^Ay ^ 

Since G\ and therefore Gk act non-trivially on A [A], the inflation-restriction sequence 
gives 

Hj(K, A)' = Hom^X^), A). (14) 
Further, we have the commutative diagram 

H\K,A) ^ Hom^X^),^) 

I I 
H\K X ,A) = Hom g (C/(^ 00 ),A) 

where the <fi is the isomorphism from (10), the left vertical map is the cohomology 
restriction map and the right vertical map is the Artin map from classfield theory. 
Under the isomorphism (10), Hj(K\,A) is identified with a CVsubmodule Ha of 
Homg(C/(J r 00 ), A). Let V a be the annihilator of Ha in U^oo)- Then Ua is a Q- 
submodule of U^^) and we have H A = Homg(L r (^ r 00 )/f/4, A). Thus from the exact 
sequence 

-> Homg(C/ {Foo) /Ua-, A) -> Hom 6 (C/(.F 00 ), A) -> Hom e (C/ A , A) 
we obtain the injection 

Hom ([/ A ,A). 



#}(X P ,A) 

From this injection and the isomorphism (14), the sequence (13) can be identified with 
the exact sequence 

-> A) -> Hom^X^), A) -> Hom e (C/ A , A), (15) 

where the second map comes from the Artin map. From this exact sequence we have 
the following commutative diagram with exact rows 

-> Hj(K,A) -> Hom g (X(J- 00 ),A) -> Hom g (f/ A ,A) 

| A n | A n | A n 

-> #}(X,A) -> Hom g (X(J- 00 ),A) -> Hom g (f/ A ,A) 
Applying the snake lemma gives 

-> Hj(K, A) [A n ] -> Hom^X^), A)[A n ] -> Hom 6 (C/ A , A)[A n ]. 
Equivalent ly, 

-> Hj(K, A) [A n ] -> Hom g (X(jF 00 ), A [A™]) -> Hom g (C/ A , A[X n \). (16) 
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Now given A\ = A(ki,ji) and A 2 = A(k 2 ,j 2 ) as in the theorem, Since they are r- 
congruent modulo A n , we have Ua 1 = Ua 2 - Then a GQ-module isomorphism Ai[A n ] = 
^[A™] gives the following commutative diagram 

Rom g (X(^ 00 ),A 1 [X n }) - Eom g (U Al ,A 1 [X n ]) 

i i 

Rom g (X(^ 00 ),A 2 [X n \) - Rom g (U A2 ,A 2 [X n \) 

in which both of the column maps are isomorphisms. It follows from (16) that 

Hj(K,A 1 )[X n ] = Hj(K,A 2 )[X n ]. 
Taking the Gal(i^/Q)-invariants, and noting that £ is odd by assumption, we have 

H}(Q,A 1 )[X n ]^H}(Q,A 2 )[X n ]. 



4 Adjoint representations 

In this section, let if be a number field and let K\ be the completion of if at a finite 
prime A with the ring of integers 0\. Let £ be the prime of Q under A. Let M be 
a (^-representation that is cofree over 0\ with corank two. Define A = A(M) = 
U n End(M[A n ]), A = A°(M) = U n End°(M[A n ]) with the induced G Q -actions. Here 

End°(M[A n ]) = {trace zero endomorphisms of N[X n ]}. 

Theorem 6 Let Vi, i = 1,2, be X-adic representations of G Q of dimension two that 
are unramified for almost all primes p ^ £ and crystalline at £ with Hodge- Tate type 
(0, k — 1), for some 2 < k < £. Let T; L be Gq-invariant lattices ofVi. Let Mi = Vi/Ti. 
Assume that H°(Q, A (Mi)) is finite and H°(I p , A(M { )) is X-divisible for p ^ £ and 
i = l, 2. 7/Mi[A n ] ^ M 2 [X n ] as G Q -modules, then 

Hj(q, A(M 1 ))[X n ] - H}(q, A(M 2 ))[X n ], 

Hj(Q, A°(M 1 ))[X n ] Hj(Q,A°(M 2 ))[X n ]. 

Before giving the proof of the theorem, we first display a corollary. Let / be a 
newform of weight k > 2, level iV and with coefficients in K. For a fixed finite prime 
A of K, let T(f) = T\(f) be the OA[[G Q ]]-module associated to / by Deligne. Let 
M(f) = M x (f) = T® 0x (K x /Oy). It is known that if A \ N, thenV(f) =T(f)® Cx K x 
is unramified at almost all primes p ^ £ and is crystalline at A. Assume that V(f ) is 
minimally ramified in the sense of [Di], then H°(I P , A(M(f))) is A-divisible for allp ^ £. 
If we further assume that V(f) is absolutely irreducible, then H°(Q, End(V(/))) = 
Endc Q (V) has only scalars. Since End(V(/)) = E\ © End°(V(/)), we necessarily have 
H°(Q,End (V(f))) = 0, and hence H°(Q, A°(M(f))) is finite. We have thus obtained 
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Corollary 4.1 Let fi, i = 1, 2 be two newforms of weight k, level iVj. Let X be a finite 
prime of K such that the prime I of Q under X is greater than k, X does not divide 
NiN 2 . Assume that V(fi) is absolutely irreducible, and is minimally ramified atp^i. 
If M(fi)[\ n ] is isomorphism to M(f 2 )[X n ] as Gq-modules, then 

Hj(Q, A(M(fi)))[X n ] = H}(q,A(M(f 2 )))[X n ], 

H}(Q, A (M(/!)))[A n ] = Hj(Q,A°(M(f 2 )))[\ n }. 

Remark: It can be shown that, for almost all A, V — V\ is absolutely irreducible and 
is minimally ramified at p ^ I [DFG]. 

Proof of Theorem 6: Denote A, L for A(Mf) and A\ for A{M$), i = 1, 2. Let A be 
either A 1 or A 2 and let A be either A\ or A 2 . Note that A(M) = A © K x /O x . Thus 
if)(Q,A(M)) = #)(<Q>,A (M)) © H}(Q,K x /O x ). Since [Fl] 

Hj(Q,Qt/Z e ) Hom(Gal(#/Q),Q^) 

where if is the Hilbert class field of Q, we have Hj(Q, Qe/^e) = and consequently 

#}(Q, ^ a /O a ) if)(Q, Qe/Ze) ®z e O x = 0. 

Therefore we only need to prove the first equation in the theorem. 

By the second statement of Proposition 1.2, we only need to prove that, for 1 < 
r < n, 

\H}(F,A 1 ,X r )HH 1 f (F,A 2 ,X r )\, (17) 

For this purpose, we compare Hj(Q, A) with another version of the Selmer group of A, 
first defined by Wiles [Wi]. 

Again let A be either A\ or A 2 . Let I be the prime of Q below A. Fix r > 1. 
Fontaine and Laffaille [F-L, DDT] have constructed a category M.Tl' k of filtered OA- 
modules of finite length, annihilated by A r , and with filtration length k, and shown 
that there is a fully faithful covariant functor from M.Tl ,k to a subcategory TQ* of 
the category 9JtoD r of (OA/A r )[G^]-modules, thereby gives an anti-equivalence of the 
two categories. 

Define Ext* (M[A r ], 7V[A r ]) to be the subgroup of Ext 1 (M[A r ], iV[A r ]) consisting 
of extensions from the subcategory J-Q*. Taking the inverse image of this subgroup 
under the canonical isomorphism 

H\Q e ,A[X r ])=Ext\M[X r ],N[X r }), 

we get a subgroup of H 1 (Q e , ^4[A r ]) which we denote by H^Q^ A[X r }). Such a subgroup 
is first studied by Wiles [Wi] in the case when k = 2. 
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For r > 1, the sequence of subgroups {H^Qi, A[X r ])} r form a subsystem of the 
direct system {^(Qi, A[X r ])} r . So it makes sense to define 

Hl(Q e ,A) = KmH^Qe, A[X r ]) C H\q e ,A) 

When A \ p, define 

Hl(Q P ,A[y]) = H\G p /I p ,(A[r]) Ip ), 

and define 

H 1 w (® p ,A) = H 1 (G p /I p ,A Ip ). 

Then we have 

H l w (® p ,A) = \imH l w (® p ,A[X r ]). 
Define Wiles' Selmer group of A by 

Similarly define 

We again have 

f£(Q,A)=lmffi(Q,A[A r ]). 

By definition, if Ai[A r ] and A 2 [X] are isomorphic as Gjj-modules, then we have the 
abelian group isomorphism 

Hl(Q,A 1 [X^\)^Hl(Q,A 2 [X r \). 
Therefore to prove Equation (17) and hence the theorem, we only need to prove 

H}(Q,A,X r )=H 1 w (Q,A[X n }). 
For this, we only need to prove 
Lemma 4.1 For any finite prime p of Q, we have 

Hj(Q p ,A,X r ) = H 1 w (Q p ,A[X r ]). 

Proof: First consider the case when j) / 1 By assumption, A Ip = H°(I P ,A) is 
A-divisible. Thus we have the exact sequence 

0-> A 7 *[A r ] — > A Ip ^A J "^0 
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of g p -modules, where g p = Gal(Q p /Q p ) / I p . Taking the Galois cohomology sequence 
from this sequence and comparing, through the inflation map, with the Galois coho- 
mology sequence from the short exact sequence of G p -modules 

-> A[\ r ] ^A^A^O, 

we get the following commutative diagram with exact rows 

- H°(Q P ,A)/YH%Q P ,A) -> H\g p ,(A^)[y]) -> ff^, A'*)[A r ] - 

II I I 

- H°(Q p ,A)/\ r H°(Q p ,A) - ^(Qp, A[A r ]) ^ ^(Qp,^)^] - 

where the vertical arrows are injective. By definition 

HliQ^AlY}) = H\g p , (A[\*\y>) = H\g p , (A^Y]). 

It also follows from the definition that Hj(Q p , A) is the maximal divisible subgroup of 
H 1 ^, A 1 "). Since A 1 ? is divisible, it follows that ^(g^A 1 ?) = A 1 ?/^ - l)A^ is also 
divisible. Here 7 is a topological generator of g p = Z. Therefore 

H}(® p ,A)=H\g p ,A 1 ?). 

Then from the above commutative diagram we get 

Hj(Q p ,A, A r ) d = j~ 1 (Hj(Q p ,A)) = H 1 (g p ,(A Ip )[X r ]) = H^Qp, A[X\) . 

The proof in the case when p = £ follows the idea of [Wi, Proposition 1.3]. But 
note that Hj there is here and Hp there is Hj here. For more details, see [DFG]. 
Adapting Wiles' argument and using the explicit descriptions of H^(Q e , A[\ n ]) [F-L, 
Ra, DDT], we obtain 

H 1 W (® P ,A)=H}(Q P ,A). 

In particular they are A-divisible with the same 0A-corank, say c. By the definition of 

Hj(Q p , A, A n ), we have 

^(Q p ,A[A n ])C^(Q p ,A,A") 

and 

\H}(q p ,A,X n )\=\{O x /X n ) c \ • \H°(Q p ,A[X n })\ . 

However this last number is also the order of H^(Q P , A[\ n }) [DDT, 2.5]. Therefore the 
two groups must be the same. This proves the Lemma when p — I. ■ 

Now the proof of Theorem 6 is completed. ■ 
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